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Abstract

The binding of hydrogen ions and magnesium ions by a biochemical reactant, like ATP, can be calculated by writing the
Ž .binding polynomial partition function Q and taking the partial derivatives of logQ with respect to pH and pMg by use of a

mathematical program in a personal computer. The change in binding of hydrogen ions and magnesium ions in a
Ž X . Xbiochemical reaction, like the hydrolysis of ATP, can be calculated by taking the partial derivatives of log K rK , where K

is the apparent equilibrium constant and K is the equilibrium constant for a reference chemical reaction. These calculations
can be checked by using the computer to calculate the mixed partial derivatives, which must be equal. The effects of pH,
pMg, and ionic strength on the changes in binding in the hydrolysis of ATP are calculated. At 298.15 K, pH 7, pMg 3, and
0.25 M ionic strength, the hydrolysis of ATP to ADP and inorganic phosphate liberates 0.62 mol of hydrogen ions and 0.45
mol of magnesium ions into the medium. q 1998 Elsevier Science B.V.
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1. Introduction

The concept of the binding polynomial Q was
developed in the study of the binding of ligands by

Ž w x w x w xproteins Klotz 1 , Wyman 2 , Wyman and Gill 3 ,
w x w x w x.Di Cera 4 , Klotz 5 , Schellman 6 . The binding

polynomial is really a partition function and has
other uses beyond the calculation of amounts bound,
but here, the binding of ligands is emphasized. The
partition function is useful because the average num-
ber N of ligand molecules bound per macro-L

molecule is equal to the derivative of the natural

) Corresponding author.

logarithm of the partition function Q with respect to
the natural logarithm of the free concentration of the
ligand at constant temperature and pressure:

w xdlnQ L dQ
N s s 1Ž .L ž / ž /w x w xdln L Q d LT ,P T ,P

When the binding of two ligands is competitive, the
average numbers of molecules of the two ligands
bound per macromolecule are given by

E lnQ
N s 2Ž .L1 ž /w xE ln L w x1 T ,P , L2

E lnQ
N s 3Ž .L2 ž /w xE ln L w x2 T ,P , L1
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Since the partition function Q is an exact differen-
tial, the mixed partial derivatives are equal:

E 2 lnQ E 2 lnQ
sž / ž /w x w x w x w xE ln L E ln L E ln L E ln L1 2 2 1T ,P T ,P

4Ž .
Ž . Ž .Substituting Eqs. 2 and 3 yields

E N E NL L1 2s 5Ž .ž / ž /w x w xE ln L E ln L2 1T ,P T ,P

Thus, the effect of changing the concentration of L1

on the binding of L is the same as the effect of2

changing the concentration of L on the binding of2

L . This shows the linkage between the bindings of1

the two ligands.
This terminology has not been used so much in

studying the binding of ligands by small molecules,
but it is equally applicable. The example discussed
here is the binding of Hq and Mg2q by adenosine
triphosphate, but the principal objective of this arti-
cle is to apply these methods to the calculation of the
change in binding of Hq and metal ions in biochemi-
cal reactions, as illustrated by the hydrolysis of ATP
to ADP and inorganic phosphate.

The change in binding of hydrogen ions and
magnesium ions in biochemical reactions was dis-

Ž w x.cussed some time ago Alberty 7 , but without
Ž . Ž .using Eqs. 2 and 3 . More recently, the fundamen-

tal equation of thermodynamics for the transformed
w xGibbs energy has been used 8 to show that the

Ž q.change in binding of hydrogen ions D N H in ar

biochemical reaction is given by

E log K X

q
D N H sy 6Ž . Ž .r ž /E pH T ,P ,pMg

where K X is the apparent equilibrium constant of the
biochemical reaction. The corresponding equation
for the change in binding of magnesium ions is

E log K X

2q
D N Mg sy 7Ž .Ž .r ž /E pMg T ,P ,pH

This nomenclature is consistent with that for the
calculation of other thermodynamic properties, like
D GX 0, D HX 0, and D SX 0 for biochemical reactions,r r r

where the primes indicate that the pH and pMg are
specified. The reason the above equations are impor-

tant from a computational standpoint is that when the
binding polynomial is large or K X involves a large
number of terms, a personal computer can be used to

Žtake a partial derivative for example, Mathematica
w x. Ž . Ž .9 so that Eqs. 2 and 3 can be used to plot the

q Ž . Ž .binding of H and a metal ion, and Eqs. 6 and 7
can be used to calculate the change in binding in a
biochemical reaction without the necessity of doing
mathematical operations on the partition function by
hand.

Calculations of changes in binding of Hq and
Mg2q in the hydrolysis of ATP were calculated

w xearlier 6 using

q
D N H sÝÕ N i 8Ž . Ž . Ž .r i H

and

2q
D N Mg sÝn N i 9Ž . Ž .Ž .r i Mg

Ž .where the average number N i of hydrogen ionsH
Ž .bound by reactant i is given by Ý f N j , where fj H j

Ž .is the fraction of reactant i in species j and N j isH

the number of hydrogen ions in species j. The stoi-
chiometric number of reactant i in the biochemical
equation is represented by n . For a reaction like thei

hydrolysis of ATP, a lot of work is involved in
Ž q. Ž 2q.calculating D N H and D N Mg by hand be-r r

cause ATP in the presence of magnesium ions in-
volves six species, ADP involves five species, and Pi

involves three species.

2. Calculation of average numbers of hydrogen
ions and magnesium ions bound by ATP

Because of the importance of ATP in energy
transfer, a great deal of research has been done on
the acid dissociation constants and dissociation con-
stants of complex ions of ATP, ADP, AMP, and P .i

w x w xGoldberg and Tewari 10 and Lawson et al. 11
have critically evaluated these data and recom-
mended the values given in Table 1 at zero ionic
strength.

The values of equilibrium constants and apparent
equilibrium constants throughout this paper are taken
as dimensionless quantities so that they are suitable
arguments for logarithms. Concentrations are in mol
ly1 but are also treated as dimensionless. The values
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Table 1
Dissociation constants for species involved in the hydrolysis of ATP to ADP and inorganic phosphate at 298.15 K and 1 Bar

Ž . Ž . Ž .Chemical reaction K Is0 K Is0.1 M K Is0.25 M
3y q 4y y8 y7 y7HATP sH qATP 2.512=10 1.811=10 3.426=10

2y q 3y y5 y5 y4H ATP sH qHATP 2.089=10 9.190=10 1.483=102
2y 2q 4y y7 y5 y4MgATP sMg qATP 6.607=10 3.433=10 1.229=10

y 2q 3y y4 y3 y2MgHATP sMg qHATP 2.344=10 4.536=10 1.181=10
2q 2y y3 y2 y2Mg ATPsMg qMgATP 2.042=10 1.472=10 2.785=102

2y q 3y y8 y7 y7HADP sH qADP 6.607=10 2.907=10 4.689=10
y q 2y y5 y4 y4H ADP sH qADP 4.365=10 1.1172=10 1.612=102
y 2q 3y y5 y4 y3MgADP sMg qADP 2.239=10 4.333=10 1.128=10

2q 2y y3 y2 y3MgHADPsMg qHADP 3.162=10 2.279=10 4.313=10
y q 2y y8 y7 y7H PO sH qHPO 6.026=10 1.618=10 2.225=102 4 4

2q 2y y3 y2 y2MgHPO sMg qHPO 1.950=10 1.406=10 2.660=104 4

of equilibrium constants at specified ionic strengths
I have been calculated using

log K I s log K Is0Ž . Ž .

q 0.51065 I 1r2Ýn z 2 r 1qBI 1r2Ž .Ž .i i

10Ž .

where z is the charge number of species i, n is itsi i

stoichiometric number, and Bs1.6 l1r2 moly1r2

Ž w x. w xClarke and Glew 12 . Alberty and Goldberg 13
have used the values in Table 1 at Is0.25 M in the
calculation of standard transformed Gibbs energies
and standard transformed enthalpies of formation for
the ATP series and several related reactants at 298.15

Ž .K, pH 7, pMg 3, and 0.25 M ionic strength. Eqs. 8
Ž .and 9 and the values in Table 1 can be used to

Ž . Ž . Ž . Ž .calculate N ATP , N ADP , N P , N ATP ,H H H i Mg
Ž . Ž . Ž .N ADP , and N P using Ý f N j andMg Mg i j H

Ž .Ý f N j , but this is avoided in this paper byj Mg

writing out the equations for the partition functions
for these three reactants and using mathematical
programs to calculate the partial derivatives in Eqs.
Ž . Ž .2 – 7 .

The binding polynomial for ATP can be obtained
w xby using the expression for ATP as the sum of

species concentrations:

4y 3y 2yw x w x w xATP s ATP q HATP q H ATP2

2y yw xq MgATP q MgHATP

w xq Mg ATP 11Ž .2

By use of the equilibrium constant expressions for
the dissociations in Table 1, this equation can be
written in the form

2q qw x w x w xATP H H
s1q q4yw x K K KATP 1ATP 1ATP 2 ATP

2q 2q qw xMg Mg H
q q

K K K3ATP 1ATP 4ATP

22qMg
q . 12Ž .

K K3ATP 5ATP

The polynomial on the right is the binding polyno-
mial, and it can be written as

10ypH 10y2 pH 10ypMg

Q ATP s1q q qŽ .
K K K K1ATP 1ATP 2 ATP 3ATP

10ypHypMg 10y2 pMg

q q 13Ž .
K K K K1ATP 4ATP 3ATP 5ATP

Since it is convenient to write this polynomial for
w qxATP in terms of pHsylog H and pMgs

w 2qx Ž . Ž .ylog Mg , it is useful to write Eqs. 2 and 3 in
the forms

E logQ ATPŽ .
N ATP sy 14Ž . Ž .H ž /E pH T ,P ,pMg

E logQ ATPŽ .
N ATP sy 15Ž . Ž .Mg ž /E pMg T ,P ,pH

Since Mathematica can be used to calculate partial
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Ž .Fig. 1. Plot of log Q ATP at 298.15 K and 0.25 M ionic strength vs. pH and pMg. The slope of this plot in the pH direction is y1 times
the binding of hydrogen ions by ATP, and the slope in the pMg direction is y1 times the binding of magnesium ions.

Ž . Ž .derivatives, Eqs. 14 and 15 can be used to calcu-
Ž . Ž .late N ATP and N ATP at the desired T, P,H Mg

pH, pMg, and I or make three-dimensional plots.

Ž .It is of interest to plot logQ ATP vs. pH and
pMg because this plot contains all of the information

Ž . Ž .about N ATP and N ATP . The plot ofH Mg

Ž .Fig. 2. Plot of the average number of hydrogen ions bound by ATP at 298.15 K and 0.25 M ionic strength calculated using Eq. 14 .
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Ž .logQ ATP is given in Fig. 1. At any specified pH
and pMg, the slope of this plot in the pH direction is

Ž .equal to yN ATP and the slope of the plot in theH
Ž . Ž .pMg direction is yN ATP . Since Q ATP is anMg

exact differential, the two mixed partial derivatives
are equal.

E 2 logQ ATP E 2 logQ ATPŽ . Ž .
s 16Ž .ž / ž /E pMgE pH E pHE pMg

T ,P T ,P

Thus,

E N ATP E N ATPŽ . Ž .H M g
s 17Ž .ž / ž /E pMg E pH

T ,P T ,P

Ž .Eq. 17 , which was given earlier for inorganic phos-
w xphate 14 , expresses the linkage between the binding

of Hq and Mg2q. It also provides a check on
calculations, or experiments.

Fig. 2 gives the average number of hydrogen ions
Ž .bound by ATP calculated using Eq. 14 . The right

2qback face gives N in the absence of Mg , and theH

left front face gives N at pMg 2. These two facesH

are really acid titration curves. The number N isH
4yrelative to ATP , for which N s0. Note that theH

apparent pK of ATP in the neighborhood of pH 7 is
reduced by Mg2q. This reduction in apparent pK is
the basis for the experimental method for determin-
ing the dissociation constants of the complex ions of
ATP containing Mg2q.

The average number of magnesium ions bound by
Ž .ATP is calculated using Eq. 15 and is given by Fig.

3. At low pH, Mg2q is not bound significantly
because the binding by HATP3y is weaker than the
binding by ATP4y, and there is no evidence of
binding by H ATP2y. The pK for the binding of the2

second Mg2q by ATP4y is about 1.5, and therefore
binding does not get much above 1.0 at pMg 2.

Ž .Since Q ATP is an exact differential, one check
of the validity of these calculations is that the mixed

Ž .partial derivatives are equal as required by Eq. 17 .
The slope of Fig. 3 in the pH direction at each pH,
pMg must be equal to the slope of Fig. 2 in the pMg
direction at that pH, pMg. Fig. 4 gives the partial

Ž .derivative of N ATP with respect to pH. AnMg

identical plot is obtained by taking the derivative of
Ž .N ATP with respect to pMg. Thus, the plots inH

Figs. 2 and 3 are related in an interesting way: at a
given pH and pMg, the slope of Fig. 2 in the pMg

Ž .Fig. 3. Plot of the average number of magnesium ions bound by ATP at 298.15 K and 0.25 M ionic strength calculated using Eq. 15 .
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Fig. 4. Plot of the partial derivative of the average number of magnesium ions bound by ATP with respect to pH at 298.15 K and 0.25 M
ionic strength. The same plot is obtained with the partial derivative of the average number of hydrogen ions bound with respect to the pMg,

Ž .in agreement with Eq. 5 .

direction is equal to the slope of Fig. 3 in the pH
direction at the corresponding pH and pMg.

3. Calculation of change in the number of bound
hydrogen ions and bound magnesium ions in the
hydrolysis of ATP

For the hydrolysis of ATP to ADP and P ati

specified pH and pMg,

ATPqH OsADPqP 18Ž .2 i

the apparent equilibrium constant K X is given by

w x w xADP P K Q ADP Q PŽ . Ž .i iXK s s 19Ž .qw x w xATP H Q ATPŽ .
where K is the equilibrium constant for the refer-
ence chemical reaction

ATP4yqH OsADP3yqHPO2yqHq K2 4

3y 2y qw x w xADP HPO H4
s 20Ž .4yw xATP

This equation shows the reference states for the

reactants; binding of Hq by ATP is with respect to
ATP4y, binding of Hq by ADP is with respect to
ADP3y, and binding of Hq by P is with respect toi

PO3y.4
Ž .Eq. 19 can be written in logarithmic form as

K X

log s logQ ADP q logQ PŽ . Ž .iž /K

w qxy logQ ATP y log H 21Ž . Ž .

This is the function that determines the change in
binding of Hq and the change in binding of Mg2q in

Ž .the hydrolysis of ATP. As indicated by Eq. 6 the
change in binding of Hq in the biochemical reaction
is obtained by taking the negative partial derivative
of this function with respect to pH at constant pMg:

E log K XrK E logQ ADPŽ . Ž .
q

D N H sy syŽ .r E pH E pH

E logQ P E logQ ADPŽ . Ž .i
y q y1 22Ž .

E pH E pH

The change in binding of Mg2q is obtained by
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Ž X .Fig. 5. Plot of log K rK for ATP hydrolysis at 298.15 K and 0.25 M ionic strength vs. pH and pMg. The slope of this plot in the pH
direction gives y1 times the change in binding of hydrogen ions in the reaction, and the slope in the pMg direction gives y1 times the
change in binding of magnesium ions.

Fig. 6. Plot of the change in the binding of hydrogen ions in the hydrolysis of ATP at 298.15 K and 0.25 M ionic strength. The right back
plane shows the change in the binding of hydrogen ions in the absence of magnesium ions, and the left front plane shows the change in
binding of hydrogen ions at pMg 2.
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Fig. 7. Plot of the change in the binding of magnesium ions in the hydrolysis of ATP at 298.15 K and 0.25 M ionic strength. The left back
plane shows the change in the binding of magnesium ions at pH 3, and the right front plane shows the change in binding of magnesium ions
at pH 9.

Fig. 8. Plot of the partial derivative of the change in binding of hydrogen ions in the hydrolysis of ATP at 298.15 K and 0.25 M ionic
strength with respect to pMg. An identical plot is obtained by taking the partial derivative of the change in binding of magnesium ions with

Ž .respect to pH, as expected from Eq. 25 .
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Table 2
Ž q .D N H in the hydrolysis of ATP at 298.15 K and 0.25 M ionicr

strength

pH pMg

2 3 4 5 6

3 0.06 0 0 y0.01 y0.01
4 0.20 0.01 y0.02 y0.02 y0.02
5 0.40 0.13 y0.02 y0.04 y0.04
6 y0.07 0.10 y0.14 y0.23 y0.25
7 y0.73 y0.62 y0.67 y0.73 y0.74
8 y0.97 y0.95 y0.95 y0.96 y0.96
9 y1.00 y0.99 y1.00 y1.00 y1.00

Ž X .taking the negative partial derivative of log K rK
with respect to pMg at constant pH:

E log K XrKŽ .
2q

D N Mg sy sŽ .r E pMg

E logP ADP E logP PŽ . Ž .i
y y

E pMg E pMg

E logP ADPŽ .
q 23Ž .

E pMg

Ž X .Note that the mixed partial derivatives of log K rK
Ž X .have to be equal because log K rK is an exact

differential:

E log K XrK E log K XrKŽ . Ž .
s . 24Ž .ž / ž /E pMgE pH E pHE pMgT ,P T ,P

Ž . Ž .Eqs. 22 and 23 lead to

ED N Hq ED N Mg2qŽ . Ž .r r
s 25Ž .ž / ž /E pMg E pHT ,P T ,P

which expresses the linkage between the changes in
binding of Hq and Mg2q.

Ž X .The dependence of log K rK at 298.15 K and
Is0.25 M on pH and pMg is given by Fig. 5.

Ž q.The slope in the pH direction gives yD N H ,r

and the slope in the pMg direction gives
Ž 2q.yD N Mg . These slopes are shown in Figs. 6r

and 7.
The fact that the slope of Fig. 6 is negative in the

neighborhood of pH 7 means that ADP and P bindi

less Hq than the ATP and H O they are formed2

from so that hydrogen ions are liberated into the
Ž .solution when Eq. 18 occurs in the neighborhood

of pH 7. This has to be taken into account in

calorimetric experiments because the Hq produced
reacts with the buffer to produce or consume heat,
according to the enthalpy change for the acid disso-

Žciation of the buffer acid Alberty and Goldberg
w x.15 . Note that although the change in binding of
Hq is negative in most of the neutral pH range, it is
positive at high magnesium concentrations below pH
6.

Ž 2q.Since D N Mg is negative in the neighbor-r

hood of pH 7, Mg2q is liberated into the solution by
Ž .Eq. 18 . This is a result of the fact that the binding

of Mg2q to ATP is greater than the binding to ADP
and P combined.i

Again the mixed partial derivatives provide a test
of these calculations. The plot in Fig. 8 is obtained

Ž q.by taking the derivative ED N H rE pMg orr
Ž 2q. Ž .ED N Mg rE pH, as required by Eq. 25 . This isr

a test that is very difficult to make by hand because
of the very large number of terms. The mixed partial
derivatives identify the region of pH and pMg where
changing the pH has the largest effect on

Ž 2q.D N Mg and changing pMg has the largest effectr
Ž q.on D N H .r

4. Calculation of the effect of ionic strength on the
change in the binding of hydrogen ions and mag-
nesium ions in the hydrolysis of ATP

Table 2 gives the changes in the binding of Hq in
the hydrolysis of ATP to ADP and inorganic phos-
phate at seven values of the pH and five values of

Ž .pMg calculated using Eq. 22 .
Table 3 gives the changes in the binding of Mg2q

in the hydrolysis of ATP at seven values of the pH
Ž .and five values of pMg using Eq. 23 . To show the

Table 3
Ž 2q .D N Mg in the hydrolysis of ATP at 298.15 K and 0.25 Mr

ionic strength

pH pMg

2 3 4 5 6

3 y0.07 y0.01 0 0 0
4 y0.31 y0.05 y0.01 0 0
5 y0.61 y0.20 y0.03 0 0
6 y0.40 y0.47 y0.15 y0.02 0
7 y0.16 y0.45 y0.32 y0.05 y0.01
8 y0.09 y0.42 y0.36 y0.06 y0.01
9 y0.08 y0.42 y0.37 y0.07 y0.01
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Table 4
Ž q .D N H in the hydrolysis of ATP at 298.15 K and 0.10 M ionicr

strength

pH pMg

2 3 4 5 6

3 0.09 0 y0.02 y0.02 y0.02
4 0.29 0.01 y0.06 y0.06 y0.04
5 0.42 0.22 0 y0.04 y0.05
6 y0.08 0.20 0.01 y0.18 y0.20
7 y0.72 y0.56 y0.53 y0.67 y0.71
8 y0.96 y0.94 y0.93 y0.95 y0.96
9 y1.00 y0.99 y0.99 y0.99 y1.00

effect of ionic strength Tables 2 and 3 were recalcu-
lated at Is0.10 M; the changes in binding at Is
0.10 M are shown in Tables 4 and 5.

The change in binding of Hq with this change in
ionic strength is as much as 0.15, and the change in
binding of Mg2q is as much as 0.19. At pH 7,

Ž q.D N H is negative at all pMg, but at pH 6 andr
Ž q.lower pH, D N H is positive at low pMg. Thisr

happens because of the growing importance of the
chemical reaction

HqqMgATP2yqH O2

sHADP2yqH PO yqMg2q 26Ž .2 4

which reduces the concentration of hydrogen ions in
the solution and increases the concentration of mag-
nesium ions. At pH 4–5 and pMg 2, each Hq

produces about 1.5 Mg2q.
Thus the ‘stoichiometry’ of Hq and Mg2q dis-

cussed here is different from the stoichiometry of
ATP, ADP, and P , which is indpendent of T, P, pH,i

pMg, and ionic strength. The ‘stoichiometry’ of Hq

and Mg2q is quite different; it is a function of all of
these variables.

Table 5
Ž 2q .D N Mg in the hydrolysis of ATP at 298.15 K and 0.10 Mr

ionic strength

pH pMg

2 3 4 5 6

3 y0.12 y0.01 0 0 0
4 y0.45 y0.09 y0.01 0 0
5 y0.69 y0.34 y0.05 y0.01 0
6 y0.44 y0.52 y0.27 y0.04 0
7 y0.15 y0.34 y0.51 y0.14 y0.02
8 y0.04 y0.28 y0.55 y0.19 y0.03
9 y0.03 y0.27 y0.56 y0.20 y0.03

5. Discussion

Biochemistry textbooks have many errors in the
stoichiometry they indicate for Hq in biochemical
reactions catalyzed by single enzymes at pH 7. For
example, many textbooks write ATPqH OsADP2

qP qHq, and include hydrogen ions in many otheri

reactions at specified pH, including net reactions.
This is incorrect stoichiometrically at pH 7 and does
not follow the recommendations of the IUBMB-

w xIUPAC Report 16,17 that when pH is specified, the
biochemical equation should omit Hq because it is
not conserved. The IUBMB recommendations on

Ž w x. qbiochemical nomenclature Webb 18 show H in
a few reactions, but the people responsible are in the
process of removing them. This does not mean that
the liberation of hydrogen ions in the hydrolysis of
ATP is not important; it appears to be very important
in the operation of nitrogenase at pH 7 because 10
mol of Hq is consumed in the reduction of a mol of

w xN to ammonia 19 and enough ATP is hydrolyzed2

to provide 10 mol of Hq.
Ž X .These discussions have been based on log K rK .

Discussions of D GX 0, D HX 0, and D SX 0 are basedr r r
X w xon log K 8 .

Ž .In reactions like Eq. 18 , there are also changes
in the binding of water molecules. In principle, these
changes can be studied by including terms for the
binding of H O in the partition function, as dis-2

w x w xcussed by Klotz 20 and Tanford 21 . In practice,
there is a problem when the activity of water is
changed by adding a large amount of another sub-
stance because the pH scale is only defined for dilute
aqueous solutions.

Ž q.The laborious calculations of D N H andr
Ž 2q.D N Mg for a biochemical reaction using Eqs.r

Ž . Ž .8 and 9 are avoided here by use of the partial
derivative built-in function of Mathematica. The
single program given in Appendix A can be used to
calculate the effects of pH, pMg, and I on the
binding of Hq and Mg2q by ATP, ADP, and P andi

the changes in binding in the hydrolysis of ATP to
ADP and inorganic phosphate.
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